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Abstract

A condition on the point of refraction is stated in connection with the rank
of matrices, (Main Theorem) As an application a condition on the points of

refraction of light is given.

1. Main Theorem

In this paper we are concerned with a refraction problem which is stated as
follows :

Let V**! be an (n+1)-dimensional real vector space whose points are denoted
as (x, y), where v is a vector in V™.

Let 7 be the intersection of m hypersurfaces ¢; (x,y)=0 (i=1,2,--+-- , m),
and let A(x;,y1) and B (xy, ¥5), where x; <x;, be two fixed points in V**',
and g(x, vy, v) and h(x, y,y") are functions on VxV™"xV" having continuous
derivatives up to the third order.

An addmissible curve y(x) has a piecewise continuous first derivative y” and
joins A and B. ‘

Let P(&, 7) be any point in 7, with x; <& <{x;, and let I be the integral
defined by

I = Xg g<x>y’y/> dX'Jl_ S:h(&y,y,)dx

1
A refraction problem is the problem to find both the point P, in 7 and the
addmissible function v (x) which make I minimum.

The following assumptions are made :
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(A) For any point P (¢,%) in =, where x; < & <{x;, Euler equations for g :

Sy: — *cjgx—g;,,-= 0 (i=1,2,--,m) satisfy two points boundary conditions, that is,

the set of solutions of the equations which pass through A (x:,y,) and P (§,7)

is uniquely determined, and the solution minimizes
L = Sig (x,y,y) dx

(B) Likewise the same conditions for h(x,v,y") and [.= S:z h(x, v y)dx
as for g and I; in (A) are satisfied :

Euler equations hy; — —d%{—h'yi= 0 (i=1,2,-:-,m) satisfy two points boundary
conditions and the solution minimizes T,.

Define I(P) = Ss g (x,y,v) dx + S:z h(x,y,y)dx, where y is determined by

%1

the assumptions (A) and (B).
Let Q (§+0€,7409%) be any neighboring point in 7, and let the corresponding
y be y+0y. Then dy satisfies dy(x;)= 0, 0y(x,)= 0 and 0y(§+0&) =n+7y.
Al =1(Q) —1(P)

£+8¢
= g g (%, y+oy,y +0y") dx
1
1 ’ Ndx
+ Sm; h(x,y +8y,y" +0y)dx
£ , ¥y ,
— gGuyydds - [T h Gy
hat
Let 0 be the first variation of I (linear principal part of Al):
ol= {(g—zy/igy’i)l’—(h"zy/ihy'i>1’} 0 +% {(gyDe—Chy ) p} 8y, =0 1)

For the proof of the equation (1) and the other related facts see the
references 1, 2, 4 and 5.

Note that (y’;)r takes two values since a refraction takes place at P.

P and Q are in 7z and so (0§, O0py,e-e ,07,) is not arbitrary. It satisfies the

following couditions
W-ixag =+ ,72-‘:1 Qpiyj 677] =0 (1 =112’ """ ;m) (2)

(1) must be satisfied by any (8§, 0%y, - ,07,) satisfying (2), that is (2)

imply (1).
Let us define the following fundamental matrix of ¢ :

Pz (plyl ............ qalyn
(I) = Pay (92_1/1 ............ ¢2yn
Pmz @myl ............ gamyﬂ
Let K =((g"2y’igy/i )P —'(h"zy’ihy'iDP » (gy'l>1’ - (h-’/'1>1" ...... s ng,ﬂ)ll —(hy’n>p >

—_— 2 —



FUNAYAMA « HIRABUKI « HAKEDA « SATO : On a Refraction Problem.

Lemma. (2) imply (1) if and only if
rank (f) = rank ®

Then we have the following theorem.

Theorem Under the suitable differentiability conditions made in the
precedings and under the assumptions (A) and (B), the point of refraction,
the point P in z» which minimizes I, satisfies the condition

rank ( %) = rank P

2. An Application

Letn= 2, m=1 and g= - , h= s 2L T2
vy v,

The problem of refraction of light is in the case. g and h satisfy the necessary
conditions. Put a=y’(£), B=2"(€) with respect to g, and 7=y’ (&), 8=2(€)

with respect to h.

1 1
e M et
Put L vV 1 +at+p ViV 1 47t 46

then the rank condition in the Theorem is:
L-M al-rM BL—BM)
e e (odr |77

or equivalently (L-M, al~yM, BL~6M) is proportional to (¢,., ¢,, ¢.) at P:

rank (

J L- M=k,
al-tM=ke, (3
l BL-dM=ke,
I k=0, then L=M, al=yM, BL=0M, aud so a=7 dnd f=4, and then
v =V;.
Thus we have, if v, 2= v,
1 1 ¢
« e eyl =0 <Y
B d @2
(4) means that the vectors p= (1, a, f), g = (1, 7, 90) and n=(¢,, ¢y, ¢.)
are coplanar.

The other condition implied by (3) is

. VN R PN
_sin (p,m)  _ sin (q,n)

Vi Vi



N

IWPREHEE (T H14E 2% BfsE2 A

References

G. Leitmann (ed.) : Topics in Optimization, Academic Press (1967)

M. R. Hestenes : Calculus of Variations and Optimal Control Theory, John
Wiloy & Sons Inc. (1966)

D. L. Russel (ed.) : Calculus of variations and Control Theory, Academic
Press (1976) ’

77 =R~ e AT GO REIERE 2, HRUKE R AL (1969)
LB - A S e, £ 4 v = v PR (1969)



FUNAYAMA «» HIRABUKI » HAKEDA » SATO : On a Refraction Problem.

1> o g #r i &

Ml b - PR IEGE - FITEH B - AR IR

o B I 1
* TR

n+ LRIEDFEN 7 F AZEHT {(x,y,7) 12 m @OBliHOsh b 7 &5 e LT
fite Ly €O TRLELCEHEZMRETHEDO LT, Moo 2ERA, BoidHD
LEREDLAPERDT, A, P, BEiid y(x) #kDT

oy v ds

FRANET S, POMBTAELLELE L TTHOBEC O TO&ERRD S, (EFEEHD
G E Lk B on T EE 45,



