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Abstract

Let X be a compact subspace of the real line equipped with the
standard topology. We prove that there exists a chaotic homeo-
morphism of X onto itself if and only if X is homeomorphic to the
Cantor set, and show a family of chaotic homeomorphisms of the
Cantor set onto itself.

Introduction

Let X be a compact space with metric. A continuous map f of X onto it-
self is said to be chaotic if f satisfies the following conditions:

(C-1) Periodic points are dense in X.

(C-2) f1s topologically transitive.

(C-3) f has sensitive dependence on initial conditions.
This definition was introduced by Devaney (cf. [3. § 1.8, Definition 85] ).
Needless to say, though the conditions (C-1) and (C-2) are topological prop-
erties, the condition (C-3) is not a topological property but a metric one.
However, as mentioned in [2], if X is a compact metric space, the condition
(C-3) also becomes a topological property. Moreover, in [2], it was proved
that the condition (C-3) is derived from two conditions (C-1) and (C-2) under
the assumption that X has infinitely many points. This means that chaotic
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property is a property of topology. Our attention is restricted to continuous
maps on comapct subspaces of the real line equipped with the standard to-
pology. We know a lot of chaotic maps in those continuous maps. As typi-
cal examples, there exist the tent map on the unit interval and the unilater-
al shift map on the Cantor set. These two examples have deep relationship
in the sense of operator theory in L'-space, namely the operators associated
with two chaotic maps are considered as the same one in L'-space. This
was precisely shown in a recent paper by the authors [1, Proposition 3.3].
In the paper, we recognized that the chaotic phenomina appears by the
property on non-injectivity of two maps. Now, in addition to the unilateral
shift, the bilateral shift on the Cantor set is also a typical chaotic map,
which 1s of course a homeomorphism of the Cantor set. It is quite natural
to seek a corresponding chaotic map on the unit interval to the bilateral
shift as in the case of unilateral shift. It is our purpose to show that that is
impossible. We prove that there exists a chaotic homeomorphism of X onto
itself if and only if X is homeomorphic to the Cantor set. Furthermore we
show a family of chaotic homeomorphisms of the Cantor set onto itself.
Here we note that, in [4], Melo and Strien have had a lot of detailed discus-
sion on the behavior of orbits for one-dimensional dynamics. In contrast to
it, in the present paper, we have discussion on it from the point of view of
chaotic property in the sense of Devaney's definition.

Now we give some notation. We denote by R, Z and N the real line with
Euclidean metric d, the set of all integers and the set of all positive inte-
gers respectively. For £ € N, the sets of periodic points for a map f: X —
X are denoted as follows:

W) R()={xrEX:f ) =x}.

(i) Q) ={xreX: ffwy=xbut fx) + xfori=12 ..., k-1}.
Moreover we put

(iti) Per(f) =U) B.(f).
=1

Namely, P.(f) is the set of all &periodic points, @, (f) is the set of those
k-periodic points whose prime period is k£ and Per (f) is the set of all period-
ic points. Obviously we have that Per (f) = U ,2Q, (f) and {Q; ()} is a
family of mutually disjoint subsets of X. Using these notation, the definition
of chaotic map is re-written as follows:

(C-1) Per(f) is dense in X.

(C-2) For any pair of non-empty open sets U and ¥ in X there exists £k € N
such that £FU) NV *0.

(C-3) There exists 0 > 0 which satisfies that for any x € X and any neigh-
borhood U of x there exist v € U and k € N such that d(f'x), f'(v) =6 .
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Moreover we remark that all totally disconnected subspaces of R which
have no isolated points are homeomorphic and called the Cantor set. Fur-
thermore we note that sometimes we use the term homeomorphism of X in-
stead of homeomorphism of X onto itself.

§ 1. The chaotic homeomorphisms of compact
subspace of R.

First we show three lemmas and an example which are devoted to prov-
ing our theorem.

Lemma 1.1. Let f: [0, 1] = [0, 1] be a continuous map. If f satisfies two conditions
(C-1) and (C-2), then it is not a homeomorphism.

Proof. Suppose that fis a homeomorphism and satisfies the condition (C-1).
Then, Per (f) is dense in [0, 1]. Since Per (f) = P(f) U Py(f) = P(f) and each
P(f) ( = 1, 2) is closed, we have Per (f) is closed and thus it follows that
Per (f) = [0, 1]. In the case where P(f) = [0, 1], we have f(x) = x (x € [0, 1)),
so that f does not satisfy the condition (C-2). Next, suppose that A(f) =
@,(f) is a proper subset of [0, 1]. Since Per (f) = Qy(f) U @.(f), the set @Q.,(f)
1s not empty. Thus fis a monotonically decreasing map on [0, 1] with f(0)
1 and (1) = 0. Therefore P(f) = @,(f) consists of only one point {x,} . Thus
we have @,(f) = [0, %) U (%, 1]. We put U = (0, x,/2) and V = (xy/2, f(x,/2)).
Then we have f*(U) = U and f"(U) = (f(x,/2). 1) for all » € N U {0} . Con-
sequently we have f"(U) N V = @ for all » € N, that is, / does not satisfy
the condition (C-2). g.e.d.

It goes without saying that Lemma 1.1 means that no homeomorphism of
[a, b] satisfy both conditions (C-1) and (C-2) for all ¢ and & with a < b.

Lemma 1.2. Let X be a compact subspace of R which contains a non-empty open
interval (a, b) and f: X — X a continuous map. If f satisfies two conditions (C-1)
and (C-2), then it is not a homeomorphism.

Proof. Suppose that fi1s a homeomorphism and satisfies the condition (C-1).
We show that f does not satisfy the condition (C-2) as in the above proof.
Let (¢, d) be the largest open interval in X such that (¢, d) contains (a, b).
Since X is closed in R, the closed interval [c, d] is contained in X. In the case
where f"(c, d]))N[c, d] = 0 for all # € N, f does not satisfy the condition (C-2).
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Next, we consider the case where f"(c, d]) N [c, d] # 0 for some 7 & N.
Let k be the smallest positive integer such that f(c, d))N[c, d] # 0. Since
[c, d] is a connected component in X and f* is a homeomorphism of X onto
itself, the set f(c, d]) is also a connected component in X. Thus we have
fX(e, d]) = [¢, d]. Now we have that the restriction of f* to [¢, d] is a homeo-
morphism of [¢, d] onto itself and Per (f) N [¢, d] = Per () N [c, d]. Since
Per (f) is dense in X, we have that Per(f) N [c, d] is dense in [c, d] and thus
Per (" N [c, d] is dense in [c, d]. Hence, by Lemma 1.1, f* is not topological-
ly transitive on [¢, d], that is, there exist two non-empty open intervals U
and ¥ in [c¢, d] such that f(U) N V = @ for all # € N. Moreover, by the
property of k, we have
MUY NV C fed) N e dl =0

forn € NU{Otandi=12, ..., k - 1. Since U and V are non-empty open
sets in X, this means that f does not satisfy the condition (C-2). g.e.d.

Lemma 1.3. Let X be a compact subspace of R which has an isolated point and
f: X — Xa continuous map. Then it does not satisfy the condition (C-3).

Proof. Let x be an isolated point. Then there exist ¢ > 0 such that
{y € Xldy, v <e} N X = {x}.

Hence, for this ¢, the condition d(y, x) < ¢ implies y = x. Thus trivially f does
not satisfy the condition (C-3). g.e.d.

Now let X be a compact subspace of R and put C =I1,-, {0, 1}. As men-
tioned in the introduction, if X is a totally disconnected subspace of R which
has no isolated points then X is homeomorphic to C. As is well-known,
there exists a chaotic homeomorphism of C onto itself, say, the bilateral
shift map, which we note in the following.

Example 1.4. We denote by S: C — C the bilateral shift map of C onto it-
self, that is, S is the map defined by y = S(x) where x = (x,),ez ¥ = Wez

and y, = x,,, for each n € Z. Then S is a chaotic homeomorphism.

Combining Lemmas 1.2, 1.3 and Example 14, we get our theorem as fol-
lows.
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Theorem 1.5. Let X be a compact subspace of R. Then there exists a chaotic
homeomorphism f: X — X if and only if X is homeomorphic to the Cantor set.

In general case, the conditions (C-1) and (C-2) are independent each other.
This independence between two conditions valids in the case of compact
subspaces of the real line. In fact, as appeared in the proof of Lemma 1.1,
the identity map f(x) = x on [0, 1] satisfies the condition (C-1) but does not
satisfy the condition (C-2). Moreover the following example satisfies the
condition (C-2) but does not satisfy the condition (C-1). Let X ={1/n|n € N}
U {0} and f be the map defined by f(0) = 0, f(1) = 1/2 and f(1/(2n+1)) =
1/(2(n-1)+1), f(1/(2n)) = 1/(2(n+1)) for n € N.

§ 2. A kind of chaotic homeomorphism of the
Cantor set.

In Example 1.4, we saw that there exists at least one chaotic homeomor-
phism of the Cantor set onto itself, which is the bilateral shift map. In this
section, we show that this chaotic map is a map in a family of chaotic
homeomorphism. For a subset M of Z, we put

Cy= H{O, 1}={x= (x(m,n))(m,n)esz| X € {O, 1}} ,

(mn)EMXZ

where C,, has the canonical product topology. Moreover we denote by S,
the homeomorphism of C,, onto itself defined by y = §,/(x), where

X = (x(m,n))(m,n)EMXZr Yy = (y(m,n))(m,n)EMXZ and Yy = Xann+1)

for each (m, n) € M X Z. Then, it is easy to see that C,, is homeomorphic
to the Cantor set and we have the following.

Lemma 2.1. The map S,, is a chaotic homeomorphism.
Proof. For x = (X))mmemxz € Cuy A C M and N € N, we put Z(N)
={neZ-N<n<N}and

U(X, Av Z(N)) = {y = (y(m,n))(m,n)EMXZ|y(m,n) = 'x(m,n) for (m, }'l) = A X Z(N)} .
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Moreover we put
B ={Ux 4, ZIN)) | x € C,, 4 is a finite subset of M and N € N} .

Then B is a base of open sets in C,,. First we show that Per (S,) is dense
in Cy. For x = Xm)mmenxz and Ulx, 4, Z(N)) € B lety = (Vo) mmenmxz be
an element of C, such that y,,oveipey = Xy for (m, i) € A X Z(N) and k€ Z.
Then we have y € U(x, 4, Z(N)) N Peryy.1(Sy). Next we show that S, is
topologically transitive. For U(x, 4,, Z(N;)) and U(y, 4, Z(N,)) in B, where
X = Kpmmmerxz aAd Y = Gunmnerxz . 16t 2 = @Zun)mnenxz be the element of
Ulx, 4,, Z(N,)) determined by

X(m,i) for (m, i) € 4, X Z(Ny),
Ziniy =4 Vomimeny form € Ayandi =N, + 1, Ny + 2, ..., Ny + 2N, + 1,
0 otherwise.

Put 2= S""™"!(z). Then, for i € Z(N,), we have

Rimi) = Rmi+N+No+l) — Vimi+Ny+ Nyt 1-Ny=-Np-1) — Vim,i)-
Namely, we have 2 € S¥™ ! (Ulx, 4, Z\V)) N U, 4, ZN,). q.ed.

Let ¢ : Z — Z be a bijective map and S, : C — C be the homeomor-
phism defined by y = S,(x), where x = (x,),cz ¥ = (V.).ez and y, = x,, for n
& Z. For the map ¢, we denote by O(n) the orbit of a point n € Z, that is,
O(n) = {¢'(n)},c,. Now we prove our result.

Proposition 2.2. S, is chaotic if and only if O(n) is an infinite set for alln & Z.

Proof. First we suppose that there exists m & Z such that O(m) is a finite
set. Namely O(m) = {¢'(m)}/=) for some k € N. We put

U = {.x - (.xn)nez XW(m) = O fOI‘ Z' = Oy 1, “ ey k_ 1},
and
V: {x:(xn)nEZ:X(p’(m): 1fOI'Z :O, 1,...,k_ 1}

Then U and V are open sets in C,, with Sy (U) N V=U N V=0 for all k € N,
Thus S, is not topologically transitive.

Next, we suppose that O(n) is an infinite set for all # € Z. Since the rela-
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tion m ~ n defined by O(m) = O(n) is an equivalence relation, we can take a
set M of all representative elements of O(n)'s. Namely we have

Z= UMO(m) and O(m) N On) =0 for m + nin M,
me
and two topological spaces C = I1,-,{0, 1} and C, = I1,,cux2{0, 1}are
identifies by the homeomorphism @ defined by y =® (x), where x = (x,),=, € C,
V= Wmimienxz € Cy and Y.y = Xy, for each (m, i). Moreover we have the
following commutative diagram:

»
—

C
ol

c, —

Seo

4

where the homeomorphism 7, is the map defined by z = T,(v), where y =
(y(m,i))(m,i)EMX 7 R = (Z(m,i))(m,i)EMXZ and Rmi) — Vimi+1) for each (m, i) € M X Z. By vir-
tue of Lemma 2.1, 7, is chaotic and sois S, = ® 'oT,0 ®. qed.

In the above proposition, if ¢(n) = n + 1, then O(n) = Z for all n € Z and S,
is just the bilateral shift map.
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