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Abstract

We investigate curvatures of normal almost contact Riemannian 3-manifolds.
In particular, we show that Kenmotsu 3-manifolds of constant scalar curva-
ture are of constant curvature —1.

Introduction

In [6], K. Kenmotsu introduced a class of almost contact Riemannian manifolds.
The almost contact Riemannian manifolds introduced by Kenmotsu are called
Kenmotsu manifolds. Kenmotsu showed that locally symmetric Kenmotsu man-
ifolds are of constant curvature —1. This fact means that local symmetry is a
strong restriction for Kenmotsu manifolds.

In stead of local symmetry, U. C. De [4] studied Kenmotsu manifolds M =

(M;,€&,n,g) satisfying
(1) ¢ {(VwR)(X,Y)Z} =0

for all X, Y, Z, W € X(M) orthogonal to . He showed that if M satisfies (1)
for all vector fields on M, then M is Einstein. In dimension 3, De showed that
a Kenmotsu 3-manifold M satisfies (1) for all vector fields orthogonal to ¢ if and
only if M is of constant scalar curvature.

In this paper we point out that Kenmotsu 3-manifolds of constant scalar
curvature are of constant curvature —1. Thus De’s condition on Kenmotsu 3-
manifolds implies local symmetry.

1 Preliminaries

Let (M, g) be a Riemannian manifold with Levi-Civita connection V. Denote by
R the Riemannian curvature of M:

R(va) = [VX,VY] - V[X7Y}7 X,Y € :{(M)
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Here X(M) is the Lie algebra of all vector fields on M. A tensor field F' of type
(1,3);

F:X(M)xX(M)xX(M) — X(M)
is said to be curvature-like provided that F' has the symmetric properties of R.
For example,

(2) (XAY)Z =g(Y,2)X — g(Z,X)Y, X,Y € X(M)

defines a curvature-like tensor field on M. Note that the curvature R of a Rie-
mannian manifold (M, g) of constant curvature c satisfies the formula R(X,Y) =
(X AY).
A Riemannian manifold (M, g) is said to be locally symmetric if VR = 0.
Clearly every Riemannian manifolds of constant curvature is locally symmetric.
In dimension 3, the Riemannian curvature R is determined by the Ricci tensor.
In fact, R is expressed as

(3) RX,Y)Z = p(Y,2)X — p(Z,X)Y
+g(Y,Z)SX — g(Z,X)SY — %(X AY)Z,

where p is the Ricci tensor, S is the corresponding Ricci operator and s is the
scalar curvature of M, respectively.

2 Almost contact Riemannian manifolds

Let M be an odd-dimensional manifold. An almost contact structure on M is a
quadruple of tensor fields (p,&,n,¢g), where ¢ is an endomorphism field, £ is a
vector field, 7 is a one form and ¢ is a Riemannian metric, respectively, such that

(4) P =-I+n®¢ n(E) =1,
(5) 9(pX,9Y) = g(X,Y) —n(X)n(Y), X,Y € X(M).

An (2n 4 1)-dimensional manifold together with an almost contact structure is
called an almost contact Riemannian manifold (or almost contact manifold) .
The fundamental 2-form ® of M is defined by

O(X,Y) =g(X,pY), X,Y €x(M).

If an almost contact Riemannian manifold (M;p,&,n,g) satisfies the condi-
tion:
(6) p=ag+bnan

for some functions a and b, then M is said to be n-FEinstein.
The formulae (3) and (6) imply the following result.
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Proposition 2.1 Let M be an n-Einstein almost contact Riemannian 3-manifold.
Then its Riemannian curvature R is given by

(7) R(X,Y)Z = (2a - ;) (XAY)Z - [(b6) A {(X AY)EY]Z.

An almost contact Riemannian manifold M is said to be normal if it satisfies
(o, 0] +2dn @ & = 0, where [p, ¢] is the Nijenhuis torsion of ¢.

Proposition 2.2 ([7]) An almost contact Riemannian 3-manifold is normal if
and only if there exist functions o and B such that

(8) (Vxp)Y = a{g(X,Y)E —n(Y)X} + B{g(0X,Y)§ —n(Y)pX}.

We call the pair (o, 3) of functions the type of a normal almost contact Rieman-
nian 3-manifold M. More generally, an almost contact manifold of dimension
2n 41 > 3 is said to be trans-Sasakian if there exist functions v and 8 such that

(8) (see [9]).

In particular, a normal almost contact Riemannian 3-manifold is said to be a
e Sasakian manifold if (o, 3) = (1,0),

e Kenmotsu manifold if (o, ) = (0,1),

e coKihler manifold if (v, 3) = (0,0).

Let (M;¢,&,7,9) be a normal almost contact Riemannian 3-manifold. Then
from (4) and (8), we have

(9) Vx&=—apX + H{X —n(X)}, X,V € X(M).

In particular we have V¢{ = 0. Hence on trans-Sasakian manifolds, integral
curves (trajectories) of £ are geodesics.
Next, we consider 7-Einstein normal almost contact Riemannian 3-manifolds.

Proposition 2.3 ([3]) Let M be a normal almost contact Riemannian 3-manifold
of type (v, 3). Then M is n-Einstein if and only if

g(grad § — pgrad a, X) =0

for all X € X(M) orthogonal to &. In this case,

p={5+48(&) — (0= B} g+ {5 ~3d8(&) +3(a* - B}y .

Corollary 2.1 The Riemannian curvature of a Sasakian 3-manifold is given by

s—4

R(X,Y)Z = (XAY)Z+¥[§A{(XAY)§}]Z.
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Corollary 2.2 The Riemannian curvature of a Kenmotsu 3-manifold is given by

Rz =] Y xAv)zZ + #[g A(X AY)ENZ.

Corollary 2.3 The Riemannian curvature of a coKdhler 3-manifold is given by

R(X,Y)Z = S[E AH{(X AY)EZ.

3 Kenmotsu 3-manifolds

Let (N, h,J) be a Riemannian 2-manifold together with the compatible orthogo-
nal complex structure J. Take a direct product M = E!(t) x N of real line E!(¢)
and N. We denote m and o the natural projections onto the first and second

factors,
7:M—E' o:M— N,

respectively. On the direct product M, we equip a Riemannian metric g defined
by
g = dt* + f(t)*r*h.

Here f is a positive function on E!(¢). The resulting Riemannian manifold (M, g)
is denoted by E! x ¢ N and called the warped product with base E! and fibre N.
The function f is called the warping function.

On the warped product M = E! x s N, we define the vector field £ by & = %.
Then the Levi-Civita connection V of M is given by (cf. [8]):

VeV = (VXY)"—}g(XV,YV)f’g,

Vv f/fv
VX' = Vype=X

Ve = 0.

Here the superscript v means the vertical lift operation of vector fields from N
to M. Define ¢ by X = {J(0.X)}'. Then we get

(Vxp)Y = 3{g(eX,Y) —n(Y)eX}, B=f"/f.

Hence M = E! x ¢ N is a normal almost contact Riemannian 3-manifold of type
(0, ). In particular E! x ¢ N is a Kenmotsu manifold if and only if f(t) = ce’ for
some positive constant c. Take a local orthonormal frame field {e;,é2} of (N, h)
such that é; = Jeé;. Then we obtain a local orthonormal frame field {e1, e, e3}
by

1 1

=V

er = ?61, ey = ?ég =pe, e3=¢.
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Then sectional curvatures of M are given by

I

f b
where k is the Gaussian curvature of N. The Ricci tensor components p;; =
p(ei, e;) are given by

_ _ﬁ_f”_(f’f _
P11—/022—f2 7 7 y P33 = I

The local structure of Kenmotsu manifolds is described as follows.

K(er A eg) = ]}2{5 —(F)2), K(e1 Aes) = K(es Aes) = —

Lemma 3.1 ([6]) A Kenmotsu 3-manifold M is locally isomorphic to a warped
product I xy N whose base I C E'(t) is an open interval, N is a surface and
warping function f(t) = ce', ¢ > 0. The structure vector field is € = 0/0t.

Proposition 3.1 A Kenmotsu 3-manifold is of constant scalar curvature if and
only if M is of constant curvature —1.

(Proof.) For every point p € M, there exists a neighbourhood U, of p such that
Up is a warped product (—¢,€) x ¢ N of an open interval (—¢, €) and a Riemannian
2-manifold of Gaussian curvature x with warping function f(t) = ce’. The scalar
curvature s over U, is computed as

slu, = —6 + 2kc2e ™%,

Thus the differential ds is computed as
1

Hence ds = 0 if and only if x = 0. This implies that U, is of constant curvature
-1. .

Corollary 3.1 A Kenmotsu 3-manifold satisfies the condition (1) for all X, Y,
Z, W € X(M) orthogonal to & if and only if M is locally symmetric.

(Proof.) De [4] showed that M satisfies (1) for all X, Y, Z, W € X(M) orthogonal
to & if and only if M is of constant scalar curvature. As we have seen above, M
is of constant scalar curvature if and only if M is of constant curvature —1. W

Note that all the examples of Kenmotsu 3-manifold exhibited in [4, Example
5.1, 5.2, 5.3] are of constant curvature —1.
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